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Abstract
In this paper, we study Joule-Thomson expansion for Hayward-AdS black hole in the extended
phase space, and obtain a Joule-Thomson expansion formula for the black hole. We plot the
inversion and isenthalpic curves in the T − P plane, and determine the cooling-heating regions.
The intersection points of the isenthalpic and inversion curves are exactly the inversion points
discriminating the heating process from the cooling one.
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I. INTRODUCTION
It is well known that black holes as thermodynamic systems have many interesting research
fields in theoretical physics. The thermodynamic properties of black holes have been exten-
sively investigated since the first studies of Bekenstein and Hawking [1–6]. It sets deep and
fundamental connections between the laws of classical general relativity, thermodynamics
and quantum mechanics. Since it has a key feature to understand quantum gravity, much
attention has been paid to this topic. Black holes as thermodynamic systems have many
exciting similarities with general thermodynamic systems. These similarities become more
obvious and precise for black holes in AdS space. The research on AdS black hole ther-
modynamics began with pioneering paper of Hawking and Page, and they found a phase
transition between Schwarzschild-AdS black hole and thermal AdS space [7]. Furthermore,
thermodynamic properties of charged AdS black holes were studied in [8, 9], and it shown
that charged AdS black holes have a Van der Waals like phase transition.
Recently, black hole thermodynamics in AdS space has been intensively studied in the
extended phase space where cosmological constant is considered as thermodynamic pressure
P = − Λ
8pi
, (1)
and its conjugate quantity as thermodynamic volume
V = (
∂M
∂P
)
S,Q,J
, (2)
which can enrich AdS black hole thermodynamics [10]. In the extended phase space (in-
cluding P and V terms in the first law of black hole thermodynamics), phase transition
of charged AdS black hole is similar with that of Van der Waals liquid-gas [11], and the
black hole shares the same P −V diagram and critical exponent with Van der Waals system
[12–30]. In [31–34], one can also find the black hole add the second and third-order phase
transitions in addition to phase transition of Van der Waals fluid.
Apart from phase transition and critical phenomena, thermodynamic analogies between
AdS black hole and Van der Waals system have been creatively generalized to the well-known
Joule-Thomson expansion process. Joule-Thomson expansion in thermodynamics is gas at
a high pressure passing through a porous plug to a section with a low pressure, and during
the expansion, enthalpy is constant. In [35], O¨zgu¨r O¨kcu¨ and Ekrem Aydmer have first
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investigated Joule-Thomson expansion of charged RN-AdS black hole, where the inversion
and isenthalpic curves were obtained and the heating-cooling regions were shown in the
T − P plane. Subsequently, Joule-Thomson expansions in virous black holes such as the
quintessence charged AdS black hole [36], Kerr-AdS black hole [37], d-dimensional charged
AdS black holes [38], holographic super-fluids [39], charged AdS black hole in f(r) gravity
[40], AdS black hole with a global monopole [41], AdS black holes in Lovelock gravity [42],
charged Gauss-Bonnet black holes [43], Ads black hole in Einstien-Maxwell-axions theory
and AdS black hole in massive gravity[44], have been extensively investigated.
On the other hand, it is well-known that Bardeen has first studied the black hole with
no singularities in the center[45]. Then many regular black holes has been found, such
as Hayward black hole [46] and improved Hayward black hole [47, 48], etc. Meanwhile,
thermodynamic properties of these regular black holes have been also discussed in [49–53].
In particular, many interesting properties of thermodynamics have been found in Hayward-
AdS black hole [54–56]. However, Joule-Thomson expansion of Hayward-AdS black hole in
the extended phase space has not been studied so far. The main purpose of this paper is to
investigate Joule-Thomson expansion of Hayward-AdS black hole.
The remainder of this paper is organized as follows. In Sec.II, we review thermodynamic
properties of Hayward-AdS black hole in the extended phase space. In Sec.III, by applying
Joule-Thomson expansion of the black hole, we obtain the isenthalpic and inversion curves
in the T − P plane, and determine the cooling-heating regions. Sec.IV ends up with some
conclusions.
II. THE THERMODYNAMIC PROPERTIES OF HAYWARD-ADS BLACK
HOLE
In this section, we briefly review thermodynamic properties of Hayward-AdS black hole in
the extended phase space. The line element of Hayward-AdS black hole is given by [52, 57]
ds2 = −fdt2 + dr
2
f
+ r2dΩ2, (3)
A = Qm cos θdφ, (4)
f(r) =
r2
l2
+ 1− 2Mr
2
r3 + q3
, (5)
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where q is an integration constant with respect to magnetic charge. M denotes AMD mass
[58, 59], which consists of two parts, the self-interactions of graviton and the nonlinear
interactions between graviton and (nonlinear) photon (see [57] for details). The form of
AMD mass is expressed as
M = M + σ−1q3, (6)
where the parameter σ associated with the nonlinear electromagnetic field is viewed as a
dynamic variable. M is associated with the condensate of massless graviton, originating
from its self-interactions. In neutral limit, the solution reduces to Schwarzschild AdS black
hole. Hence, M is viewed as Schwarzschild mass. It is obvious that for any non-zero of M ,
the metric behaves singular at the origin and the existence of the singularity is inevitable.
For the Hayward-AdS black hole, the form of the AMD mass is now given by
M = σ−1q3, (7)
where the charge term σ−1q3 is derived from the nonlinear interactions between graviton
and (nonlinear) photon.
Thus, the temperature of the black hole is obtained by the first derivative of f(r) at the
horizon, i.e.
T =
r0(r
3
0 + q
3)2 − 2Mr0l2q3 +Mr0l4
l2(q3 + r30)
2
, (8)
and the entropy of the black hole is given by
S = pir20, (9)
where r0 is the horizon radius defined by the largest root of the equation f(r0) = 0. The
magnetic charge and its conjugate potential are respectively expressed as
Qm =
q2√
2σ
, (10)
Ψ =
3q4(2r0
3 + q3)√
2σ(q3 + r03)2
. (11)
In the extended phase space, cosmological constant and parameter σ of the nonlinear elec-
tromagnetic field are viewed as thermodynamic variables, so pressure and thermodynamic
volume are respectively defined as usual [31, 60]
P = − Λ
8pi
=
3
8pil2
, (12)
V =
4pir0
3
3
. (13)
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The first law of thermodynamics and Smarr formula for the black hole are respectively given
by
dM = TdS + V dP + ΨdQm + Πdσ, (14)
M = 2TS + ΨQm − 2V P + 2Πσ, (15)
where
Π =
q6(2r0
3 − q3)
4σ2(q3 + r03)
2 . (16)
Here, the mass of the black hole M should be interpreted as the enthalpy H [12]. And
Eq.(14) can be rewritten as
dH = TdS + V dP + ΨdQm + Πdσ. (17)
Then, from Eq.(8) and Eq.(12), the state equation can been obtained as
P =
T
2r0
+
1
8pir02
+
q3T
2r04
+
q3
4pir05
. (18)
In this section, we obtain some thermodynamic quantities of Hayward-AdS black hole. In
the next section, we will use these quantities to investigate Joule-Thomson expansions for
Hayward-AdS black hole.
III. JOULE-THOMSON EXPANSION
In this section, we investigate Joule-Thomson expansion for Hayward-AdS black hole. This
expansion is characterized by temperature change with respect to pressure. During expan-
sion process of black hole system, the enthalpy remains constant. Thus, Joule-Thomson
expansion is an isenthalpy process in the extended phase space. Joule-Thomson coefficient
µ, which characterizes the expansion, is given by [61]
µ = (
∂T
∂P
)
H
. (19)
The cooling-heating regions can be determined by sign of Eq.(19). Change of pressure is
negative since pressure always decreases during expansion. Temperature may decrease or in-
crease during process. Therefore temperature determines sign of µ. If µ is negative(positive),
heating (cooling) occurs, and so gas warms(cools).
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Similar to Joule-Thomson process with fixed particle number for Van der Waals gases,
we should consider canonical ensemble with fixed change q. In Ref.[35], Joule-Thomson
coefficient is given by
µ = (
∂T
∂P
)
M
=
1
Cp
[T (
∂V
∂T
)p − V ]. (20)
Setting µ = 0, we can obtain the inversion temperature, i.e.
Ti = V (
∂T
∂V
)
P
. (21)
Here, we use another method to derive Joule-Thomson coefficient µ. From Eqs.(5) and (13),
pressure P can be rewritten as a function of M and r0, i.e.
P (M, r0) = 6Mr0
2 − 3q3 − 3r03
8pir02(q3 + r03)
, (22)
then substituting P (M, r0) into the temperature (8) yields
T (M, r0) = −r0
6 + 3Mr05 − 2q3r03 − q6
2pir0(q3 + r03)
2 . (23)
Thus, Joule-Thomson coefficient is obtained as
µ =
( ∂T
∂r0
)
M
/(
∂P
∂r0
)
M
(24)
=
4r0[q
6 + 8q3(r0
3 + 2Ppir0
5)− 2(r06 + 4Ppir08)]
3(q3 + r03)(2q3 − r03 − 8Ppir05) .
Setting µ = 0, we get
q6 + 8q3(r0
3 + 2Ppir0
5)− 2(r06 + 4Ppir08) = 0. (25)
In order to investigate minimum inversion temperature, we set the inversion pressure Pi = 0
for Eq.(25). The positive and real root is given by
r0 =
3
√
(2 +
3
√
2
2
)q3. (26)
Substituting this root (26) into Eq.(8), the inversion temperature is given by
Ti =
3 6
√
2 + 4
3
5
√
4 + 3
√
2Pipiq
2
6(2 +
√
2)
3
√
8 + 6
√
2piq
. (27)
When the inversion pressure Pi is zero, minimum inversion temperature is given by
Ti
min =
1
6
5
√
2(2 +
√
2)
3
√
8 + 6
√
2piq
. (28)
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FIG. 1: Inversion curves of Hayward-AdS black hole in T − P plane. From bottom to top, the
curves correspond to q = 2, 3, 4, 5.
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FIG. 2: Inversion and isenthalpic (constant mass) curves of Hayward-AdS black hole. Black and red
lines present inversion and isenthalpic curves, respectively. From bottom to top, isenthalpic curves
correspond to increasing values of massM of theblack hole. (Top-left) q = 1 and M = 1.5, 2, 2.5, 3.
(Top-right) q = 2 and M = 5, 7, 9, 11. (Bottom-left) q = 3 and M = 8, 10, 12, 14. (Bottom-right)
q = 4 and M = 8, 12, 14, 16.
In Fig.(1), the inversion curves are presented for various values of magnetic charge q. In
contrast to Van der Waals fluids, it can be seen from Fig.(1) the inversion curves are not
closed and there is only one inversion curve, as previously described in [35–44]. Obviously,
with an increasing of q, the inversion temperature of the black hole for given pressure tends
to increase.
In Fig.(2), we plot the isenthalpic (constant mass) and inversion curves for various values
of magnetic charge q in the T −P plane. As it can be seen from Fig.(2), the inversion curve
divides the plane into two regions. The region above the inverse curve corresponds to the
cooling region, while the region under the inversion curve corresponds to the heating region.
Indeed, the heating and cooling regions are checked by the slope signs of the isenthalpic
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curve. The sign of slope is positive in the cooling region and it changes in the heating
region. On the other hand, cooling (heating) does not happen on the inversion curve which
plays role as a boundary between two regions.
IV. CONCLUSIONS
In this paper, we have investigated Joule-Thomson expansion for Hayward-AdS black hole in
the extended phase space, where cosmological constant is viewed as pressure and the black
hole mass as enthalpy. We have plotted the isenthalpic and inversion curves in the T − P
plane, and determine the cooling and heating regions for various values of magnetic charge q
and massM. It shown that, in contrast to Van de Waals fluids, the inversion curves are not
closed and there is only one inversion curve. As a result, the isenthalpic curves have positive
slope above the inversion curves so cooling occurs here, and the sign of slope changes under
the inversion curves and heating occurs in this region.
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